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DEFENCE, @c. 


T HE ſame. concern. for the honour of 
0 the Univerſity, which prevailed on a 
| rſon, who has employment enough: 
of other kinds, to beſtow ſome hours in examin- 
ing part of a book, called Miſcellanea Analy- 
tice, and: to lay his: obſervations before the Uni- 
verlity, whilſt che Writer was a candidate for the 
mathematical profeſſurſhip; would have inclined 
him to be ſilent after the election. He would 
have been content, that the new Profeſſor ſhould; 
be thought by all, who either do not attend to, 
or do not: underſtand; the ſubject, to have gained 
a complete victory; had the Profeſſor been con- 
tent with a full diſplay of his on ſtrength, and 
a ꝓroper ſcorn of his antagoniſt; and had: not, 
a; little inconſiſtently it may; ſeem: added com- 
2 ta contempt; crying out of one, whom» 

tramples beneath his feet, as unkind, ſevere 
and cru Theſe are accuſations, to Which the: 
Obſerver cannot willingly ſubmit. Hie nds 
himſelf therefore obliged to defend-bis remarka. 
But; hei will do, it as tenderly as poſſible: He 
will make no addition * liſt of miſtalaas he- 


fore 


41 


fore produced; and is ſorry, that ne cannot 


make 1 it ſhorter. 


The Profeſſor thinks the refloffions upon the 
obſcurity and perplexity of his manner of ering 
very ſevere and cruel; becauſe his view in 
liſhing his work, was not to ſhew how well he can 
write, Nor was it the deſign of the obſervations 
to ſhew, how ill he writes, by inſtances: of 
falſe grammar, unuſual expreſſions, or per- 
plexed periods ; but by ſuch faults only, as to- 


tally conceal from us, what he certainly intend- 


ed to make known, the ſucceſs, with which he 
has beſtowed his  //me and labour. in ah Judy of 
2688 ſcience. is 


The privileges, which the Profeſſsr nr. foul | 
under this title of a bad writer, are very nume- 
rous and extenfive. He uſes ſo many peculiar 


Facilities in his reaſoning, that it is indeed diffi - 


cult to diſcover, by which of all the common prin- 
ciples of his ſcience, he will allow us to judge 
of his work. If in the ſame algebraical pro- 
ceſs we meet | with the letter „ uſed twenty 
times; we are not to ſuppoſe, that it has every 
time che ſame meaning. No, he leaves it to 
the reader's ſagacity to diſcern, that it ſtands 
eight or ten times for one number, and as often 
for another. If in a | computation, he ſubſti- 
tutes one quantity or expreſſion for another; 


we muſt not from hence infer, that de thinks - 


for for + not once e but many. dime in! the 


E we muſt 3 that the diſ- 
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ſay, the whole game. It will be neceſſary 


(5] 


tinction between theſe ſigns is a matter of 


' faſhion, rather than of neceſſity.— If, after the 


allowance of — for + as often as he pleaſes, 
the calculation does not appear to be right; 


ve muſt ſuppoſe, that the notation is unuſual. 


Each of theſe is, I think, the reply he makes 
to ſome one of my remarks. And I mention 
them only to excuſe myſelf, if I ſay but little in 


ſupport of objections thus anſwered. In theſe 


queſtions, the matter ſeems to be brought to 
an iſſue, In the reſt, I will argue with the 
Profeſſor; on ſuch principles, as he has not yet 
expreſsly denied, that 4 is greater than 3, and 
that x1 + 4 is equal to 5. | 


But has not the Profeſſor hurt his own title to 
the privileges above mentioned? Or has it been 
done for him by a friend? One perhaps, who 
knew enough of law to tell him, that in a free 
ſtate, as is the common-wealth of letters, pri- 
voileges are odious. For whatever may be thought 


of the Miſcellanea Analytica, the Reply without 


doubt, comes from a good writer, When he has 


any thing to allege, he expreſſes. it clearly. 


When he has nothing, he ſupplies the defect 
with an handſome air of contempt and confi- 
dence. The principal parts of the objections he 
conveys away, and flips into their places ſome 


_ trifles of his own, with ſo much dexterity; that 


he appears to be one, who underſtands, as they 
| for me 
to call upon him to play above board; and I 
ſhall do it by ſtating in few words my remarks 
| on 
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on each propoſition, and e. his an- 
ſwers to them diſtinctly. 


The abſervation on the firſt lemma vere 
theſe: \ 


1. That it not 3 ; 
. That it is not ſhewn to be true in anf one 
example; 1 | 


2 That-in many examples it is known to be 


falle; 


That the Writer was led into this error by | 


| miſunderſtanding a Ne in Pr. e 


4 


"I's the firſt cbterdatien his . es 
are five fps in his demonſtration, and that he 
knows not how to put in more. I had called it 
only one ſtep. He minces it into five, Let it 
be five, if he pleaſes. ' In four of them a child 


could follow, or rather lead him. But one ig 


Giant's ſtride. Here is the difficulty, in which 


the Profeſſor leaves us, He aſſerts, that be 


ation, which reduces another to m powers, 
all the combinations of m of its roots. How 
are we to be convinced of this propoſition? 
Surely it is not ſelf evident. And we have the 
Writer's acknowledgment, that -he knows not 


how to prove it., For that would be to put 


more ſteps into his demonſtration. And yet 
this ſingle point contains the very eſſence of the 
pro- 


11 
problem. All the reſt without it is inſignift- 
m_ | 5780 vg 


Thus the firſt queſtion between us is made 
very ſhort and clear. That, which he calls a 
demonſtratioh, appears to be a mere petitio 
printipii. If therefore it ſuould be faid again, 
chat not one of theſe objectioos Bas even the ap- 

pearunce of truth, we may expect to be plainly 
told, whether the propoſition before cited ought 
to have been admitted us an axiom, or has been 
demoniſtrated by any other Writer. 3 


Or, if the Profeſſor is umwilling to anſwer this 
him conſider the lemma again, and again; let 
& him make what uſe he pleaſes of the proof, 

which, he ſays, Dr. 'Saunderſon has given of it 


in a ſpecial caſe; let lim beg the aſſiſtance of 
all his friends, (and we may gueſt from the Re- 


2h, that he has one friend able to afliſt him z) 
alter all, he only gives us 'a clear demonſtra- 
tion, . out in _ and a i this 
ſingle ian, the equation which reduces 
1 * to WS has, for its roots, all the 
& combinations '6f in roots of the former? 1 
accept it as a full anſwer to all my objections. 


But till our Author is furniſhed with ſuch 2 
demonſtration, ſhouſd he not have given us that 
lower kind of proof, which may be formed by 
the application of a rule ro ſome few examples? 
One only is mentioned in his book; and, though 
the lemma is very extenſive, no other is added 

in 
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in the Reply. This one was called in queſtion: 
And the Profeſſor determines to rely on Dr. 
Saunderſon for the ſupport of it. But, in which 
of Dr. Saunder/on's words, we are to look for 
the proof here alleged, it is impoſſible to con- 

3 If there be any ſuch proof of the ne- 
ceſſity of uſing an equation of fx: dimenſſons in 
the reduction of a | 1quadratic, it certainly ſlipt 
from him without his knowledge. For the title 
of his diſcourſe is of. the reſolution of all ſorts of 
BIQUADRATIC equations by the mediation of Cu- 
BICs ; and, having explained the reaſon of Des 
Cartes's method, he concludes thus, hence ariſes 
the neceſſity of tbe intervention of a cui equa- 
2 in the reſolution of a biquadratic into two qua- 
WS. 2 175 - rid 1 8 | 


But tho? the Writer will not conſider Des Car- 
tes's rule to defend his own propoſition, he 
will do it to find fault with my expreſſion. He 
tells Us, that Des Cartes in order to reduce a bi- 
atic makes uſe of au 


ion 10.4: 
— He dimen? of ths form ; 


* = p. . = =0, — 


E.., 


And then by the quadratic equation x = z he 
reduces this incomplete - bicubic to a complete 
cubic : not obſerving, how plainly he here con- 
tradicts his own rule; according to which, if we 
would reduce an equation from fix dimenſions to 

three, we mult apply to it one, not of two, but 
of TwEnTY dimenſions. 


But 


(9 1 


But this contradiction the Writer might have 
avoided, if he had liked another better. For he 
might have ſaid, that the two equations 
* D bgx —r=o 
and z - +qz—r=0 are both 


cubics; in one of which the roots are conſidered 
as ſquares, in the other not. But then he muſt 
have acknowledged, that in Des Cartes's method 
a "cubic equation is ſufficient. Let him take 
either ſuppoſition. They are equally inconſiſtent 
with his lemma. . The difference is only in 
names z concerning which I am no more inclin- 
ed to diſpute, than to anſwer the objection to my 
words, which he enlarges upon here, and returns 
to again in the 234 page, and which amounts: 
exactly to thus much, that 4 3 and — 3 ought 
do be called two numbers, not one number with 
it's fign changed. kl 


But it was obſerved farther, that this rule is 
known in many examples to be falſe. My firſt 
inſtance was the moſt obvious one; the caſe, 
where we know ſome of the ſimple equations, 
out of which the equation to be reduced is 
formed. In this the Profeſſor can hardly believe 
me ſerious ; becauſe the equation muſt be firſt ſolved, 
before this method can be put in pratiiſe, He 


W ſhould have ſaid, in part ſolved. But what if 


it had required a complete ſolution of the equa- 
tion? It. is not to the purpoſe to conſider, in 
what Caſes this method can be uſed ; but whether 
it is juſt, and contrary to the rule here delivered. 

Other- 
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covery in Mathematics 3 a 2 4 which. 


number of dimenſions required by this lemma. 


that might perhaps 


\ 


7 10 ] 
Otherwiſe we muſt ſuppoſe, that the.truth of the 


lemma depends on the ſkill ef che Analyſt, who 
applies it. And this indeed will be a new dif- 


ceaſes to be true, when it ce ma 


My other Inſtances were taken Hoij his own 


book, where equations ate reduced by the help 
of others, which, unleſs I miſtake in counting 
the combinations of g in g or 6, have hot the 


Nor is there, in the Reply, an Ne In | 
chat they are conſiſtent with 1. 221 f 


My fourth obſervation did not require a pa 
8 anſwer. The Writer — on 
the one hand, that he depends on Dr. Saunder ſon 
2 f of this propofition. And oh the 
E 3 _ if he can ap- 

1 py ths prof © is purpoſe, he. is an apt fcholar, | 
— has learned — his maſter more hn th the 
maſter knew 


But the Foſefior concludes his reply 10 the 
obſervations. on the firſt lemma with ſome 
be intended as an anſwer to 
them all together. The Obſerver, 'he ſays, could 


not but underfiand, that ny lemma relates to 'a ge- 


neral methods the particulars therefore, which be 
L are beſide the purpoſe, becauſe for parti- 

cular caſes peculiar facilities may be invented, which 
will not extend fo 'equations in general. I had 
mentioned, as contrary to the lemma, = 


PPTP 


üer ene 
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Mly the way of reducing all particular equa - 
f — A ha of the roots are found fiber 
Wo the general methods of reducing equations of 
© dimenſions before any root is found and 
= aſſerted, that there is not any one of them, 
which the rule here delivered is true. But 
s, it ſeems, is a method of methods; a way 
general rules for reducing all equa- 


finding 
ns; ſo X as to take in every un · 


own caſe, but ſo confined as not to belong to 


y Known one. Shall 1 beg leave to mention 
the Profeſſor one of the plaineft and moſt eſ- 
liſhed rules of logic, that a general affirmation 
contradicted by a particular negation? His 
eral propoſition catinot be true, If it contains, 

t evidently does, the particular propofitions, 
Wich are acknowledged bo Bs falſe. . 


All this is ſo evident, Fey it would lead one 
ſuſpect, that the Writer of this lemma had a 
fuſed notion of ſomething. 
eeſſed. If he will allow me 66 depere fil 
nh his words, I will even venture to gueſs, 
at his meaning ſhould have been. Inſtead of 
g. what number of dimenſions the equa 
1 ba, by the help of which another is redu- 
d; he ſhould have inquired, what is the great- 
_ of — which in any caſe it can - 
If he will thus change his problem, the 
v0 er he has given-cannor, as far as I know, be 
onſtrated to be falſe. But it will ſtill to- 
1 want both Proof and uſe. He who would 
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which he has not - 


| J 22 } 
make the ſolution of an high equation eafter, 
muſt ſhew: Us, how. to reduce it another, 
which has fewer roots, than it has itſelf, not as} 
_— or mote.— Thus much of che firſt lemma. = 


- My obſervations onthe ſecond were; 


1. That it is Sir 1ſaac Newtons' $ folution expreſ 
1 in a different form. | 


2. That the change of the Apes ſuch as 
makes it leſs ſimple and conciſe. ä 
That the change of the N er is ſuch as ; 
” nnd it alſo les general 1 7 

4. That the Writer 4 not fully comprehend 3 
"*the change he had made. | 


To the two firſt of theſe: remarks, the Profeſ- 

| for. replies; Eaſy as the Obſerver takes this (to 
change the form of Newton's rule) to be, it 'bas 
exerciſed the beſs Heads of the laſt century. De- 
* moivre bas many pages upon the ſubject. Eben the 
immortal pen of of N ewton has been employed upon the 
ſame Problem; only changing the expreſſions, (as the 
Obſerver thinks) and deſtroying: the original fimpli- 
city and conciſeneſs of the. excellent rules, which: he 
had received from bis Maſters. Inſtead of in- 
quiring, whether we are obliged, as the Profeſſor 
here intimates, to ſpeak of Sir 7/aac. Newton and 
of him in the ſame terms; or of comparing 
the ſolution of this problem with any thing done 
by Mr. Demoivre; I will only ſhew, by = 
Orc 


* 


[13] 
wt example, how the ſeries was formed; and 
-ave it to the reader to judge, what fort of em- 
| ployment he has found for the beſt Heads of the 
Maſt century. Let the equation be K*. p 
rec. = 8 and ſuppoſe, 
at we would find the ſum of the fourth powers 
of it's roots, then Sir J/aac — I is this; 
tp'=4, pp - 2423, pb —=qa-+pgr=c, 
n are Seeking will be pc = qb + 
42 — 45. Now only ſubſtitute for e, 5; and 4a 
he quantities before given as equal to them, and 
ou have ſo much of our Author's ſeries as be- 
ongs to this caſe. Do the ſame in three or four 
dther caſes, and the law of the ſeries will be evi- 
Ment; far more evident, than it is made by the 
author's account of it. * i | 


In this new rule no new idea is introduced. 
he whole myſtery conſiſts in merely ſubſtitut- 
ing for ſingle letters the ſeveral complex quanti- 
ies, which each of them had been made to re- 


= preſent. And one would hope, that the Pro- 
je. eſſor did not ve much time and labour in this 
be problem, as it is difficult to imagine, that it 
ze could give any man more trouble, than that of 
he mſcribing. twice or thrice the terms of the ſe- 
z. ics. The Profeſſor indeed ſeems to be con- 
ze Nous, that it was not worthy of Him, though it 


\. a: exerciſed the ve Heads of the laſt century. 
w 2 dor he adds; I have done nothing but cha 
W be expreſſion 0 this rule, I have-#|-beftowwed my 
time and labour indeed. But the truth is, that 1 
bave ſalud another problem. Sir Iſaac Newton's 
rule teaches us how to find the ſum of the roots of 
| | 9 


17 


WM] 

any, equation, the ſum of their ſpuares, f their 
cubes, (Ic. one after another. My problem wh 
find the ſum f any prapoſed power of. the roots pe 
ſaltum dil haut firſt finding the ſum of the. e, f 

Powers. We can never 4 as. our obligations to 
thoſe, who ſhorten for us the operations of arich- 
metic. To find the high powers of the roots off 
equations having many terms by. Newton's rule, 
is perhaps ſomewhat tedious. - A. more compen- 
dious method canngt. but be acceptable. Let us 
only examine it a little. The rofeſſor will not 
thank us for undeſerved, praiſe. And that we | 
may not ang him any that is his due, letusaake | 
an example; from him ſelf, and ſuch as will ſnew. 
his improvement to the greateſt ad vantage; let us 
ſeek by each method the ſum of che ny 
powers, the higheſt to which his ſeries is con- 
tinued; 7 roots oft the higheſt equation we 4 
met.! wigh in this chapter. The Fhe: equation, is. | 


be kad 117 16 . 12 
= hn e | 31th 
. G Dei. Ii; 238. 8 Muc - 
the ſquares = -a h 20 
the cubes c - ga ane 28 
erer rn 146 
the 5th:e = d. g en — . þ Sizes 244 
the 6th e — 94+ r6mm5brl-ta—ebtzz 800 
the ih f rd — Wu 2188: | 4 


This is the method dd, Bodiag all the ſexen 
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We ſee then the hol meaning of nding the 
ſum of any propoſed power per ſaltum, ſo that 
we may continue ignorant of the inferior powers z 
and for this advantage we are taught to make a 
computation five or ten times more Jaborious, 


than the other. 


0 . 


1 


* 
— 2 
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nn one method, we keep diſtinctly in view the 
everal lower powers, whilſt we compute from 
hem the higher. In the other, it is equally ne- 
Feſnary to collect the ſeveral products, which 
ompoſe the lower powers; though they are ſo 
ixed together, that we cannot diſcern, what 
parts of theſe products belong to each power. 


= In his reply to the third remark on this propo- 
Wſition, the Profeſſor has no patience with the 
Pervers grievous miſtake ; who can offer no ex- 
WE uſc for himſelf, but his ignorance of the Pro- 
eſor's peculiar notation, by which the ſame let- 
Wer in the ſame proceſs is put for different num- 
ers. He ſaw indeed, and mentioned, that it 
Fas eaſy to ſet it right; and he ought perhaps 
have paſſed by this, as he did other privile- 
ed places, without too ſcrupulous an examina- 
ion; and to have reſerved his attention for the 
hird page, which contains, it ſeems, @ full 
ntbetical demonſtration of the lemma ; a peculiar 
Wpecies of demonſtration, and peculiarly adapted to 
be ſolution of this problem: It was firſt invented 


* James Bernoulli: be was a ſevere Mathemati- 
ian, and never contented ſo long as he had left 


pny doubt upon the mind of his Reader, He in- 
ented therefore this ſpecies of demonſtration for the 


roof of ſuch general oa pug as are derived 


induction from particu 


ar caſes. And the ob- 


= . . 
erer bas not been accuſtomed to this kind of de- 


monſtration, though it be of great extent. And 
here I muſt fairly own, that I was entirely unac- 


quainted with this invention of Mr. Bernoulli, 
: B and 


[ 18 ] 
and not a little aſhatned of my ignorance of wi 
celebrated a diſcovery ; never imagining, that 
| the Profeſſor, a plain modeft man, as I am told, 

/ would have ſet forth all this parade about a mere 
4 nothing. But how was I ſurprized, when 10 
looked into Bernoulli! How will the Profeſſor 
be ſurprized, when he looks into Euclid ! to findſ 
that this new, this curious, this peculiar ſpecies 
of demonſtration, firſt invented by James Ber- 
noulli, and juſt imported from High Germany, is 
no other, than we meet with many times in Eu-. I 
clids Elements. Our great Mathematicians deſ. 
piſe that eaſy old book, with which we, peo 1 
of lower abilities, are content to begin our 
dies. But let me ſeriouſly. recommend it to r 

ruſal. To encourage them in the undertak- 
ing, I will produce to them, out of this forgot- 
ten Author, the very ſpecies of — 
with which they are ſo much delighted, and 
com + it with the — from Mr. —_— 3 
himſelf. - 7 


f 
& 1 


0 


1 
. 


The propoſition, which Mr. Bernoulli de- Y 
monſtrates by the method here commended, is 
this. The ſeries of numbers following each = 
other in their natural order, and beginning from 
©, is always equal to half the ſeries of as many 
terms each equal to the laſt. And his demonl- 
tration begins thus. I ſuppoſe, ſays he, the 

matter to have been examined for ſome number * + 
of terms, and that having found it true to the 1 | 
term a, I there ſtop. Then he proves, that, iſ 

on 

Jy 


35 


„See 4 rudi. Lig 1686. p. 360. 9 
. | ſince | 


fol [ 19 ] 

that ſince it is true to a, it is true alſo to a+ 1, and 
old, 1 for the ſame reaſon to 4 ＋ 2, and ſo on as far 
my Jas you pleaſe. 

n 1x f | 

for In the ſame manner does Euclid demonſtrate 
find ſeveral propoſitions in his ninth book. Part of 
ciesthe 8th propoſition will be a ſufficient example. 
3er. f from unity numbers be taken how many ſoe- 
Per in continued proportion, the third, and the 
"Following terms, intermitting always one, are 
gavare numbers. The demonſtration firſt ſhews, 
om the 2oth definition of the 17th book, that 
She 'third term is a ſquare number. But if the 
ird be, then, by the 2oth propoſition of the 
rh book, the third from that, or the fifth is; 
Ind again the third from the fifth, or the ſe- 
enth; and fo on as far as you pleaſe. 


No the difference, in the forms of theſe de- 
Ponſtrations, is no more than this. Mr. Ber- 
all, though' a ſevere Mathematician, aſſumes, 
de- a thing ſufficiently manifeſt, that his propoſi- 

is n is true in ſome ſmall number of terms. Eu- 
ich ga, a more ſevere Mathematician, aſſumes no- 
2M ing, which is not contained in his definition, 
ny before demonſtrated. And if Mr. Bernoulli 
-c be ſo much celebrated for this little de- 
he Mrrture from the rigid manner of Euclid; I ſhall 
er aim the honour of a much nobler invention in 
he de name of our Profeſſor, who, in his full Hn- 
at, NPetical demonſtration, aſſumes the truth of New- 


on's rule, the ſame in other expreſſions with his 
WIN, —— * 


Ce | 
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Whoever reads the propoſitions in Zuclid, or 
Bernoulli, will meet with nothing in this form of 
demonſtration, that can perplex him. Whoever | 
reads Mr. Mac Laurin's ſhort comment on Sir 
Tſaac Newton's rule, will ſee, that the ſubject of 
this lemma can be made as eaſy, as the common 
operations in Algebra, If he would alſo ſee, how i 
difficult one of the ſimpleft forms of demonſtra- 
tion, and one of the eaſieſt ſubjects may be made, 
let him return to this third page. He will find 
here ſome of thoſe omiſſions, and thoſe unuſu al 
notations, by which our Author delights to try 


the ſagacity of his Reader, and which the Reader, 


* — he diſcovers them, will be apt to call mi- ? 
takes. | N A t 1 


An omiſſion of a neceſſary part of the law of 
this ſeries, and an obſcurity in another part gave 
occafion to my fourth remark. As to the obſ- 
curity, the Profeſſor replies, that the terms, 
having been explained (as I had obſerved) by 3 


Mr. Demoivre, are become notorious, and to have 


explained them again would not only have been un- 
_ neceſſary, but moſt Readers would have thought it 

impertinent. Whether wards once explained by 
one Writer, become for ever after technical, is 

not to be determined by any arguments. If there- 
fore the Reader can be perſuaded to conſent to it, 
we will give up this point to the Profeſſor. The 
principal part of the objection is, that ſo much 
of the law is omitted, as will make every term, 
except three, of the ſeries determined by it, 


greater or leſs, than it ought to be. He anſ- 
wers, 
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wers, that, if the whole had been omitted, yet 
the ſymbols would have ſhewn the law of the ſeries 
to a Reader of any practiſe and ſagacity. We have 
the more reaſon to wonder, that they did not 
ſhew it to the Writer. This compliment to the 
ſkill of his Readers ſerves him for an anſwer to 
ſo many objections, that it were a pity to rob him 
of it, I will therefore paſs on. 


When I wok wagon of this defect, I alſo in- 


timated to him, how he might ſupply it. If he 
would only read again the page of Demorvre, 
from which he had been tranſcribing,. he would 
find ſomething like what was here wanted. He 
is diſpleaſed at an expreſſion of ſo little preciſion as 
this ſomething like it; He has reaſon. For 
wherever in my little pam phet I told him fully, 
what his propoſition or conclufion ſhould have 
been, there his anfwer is always ready, that this 
is the very thing he meant. We ſhall meet with 
ſome remarkable inftances of it preſently.— In 
the mean time we mult proceed to the firſt corol - 
lary, on which I obſerved; p 


r. That the words, in which it is expreſſed, 
do not diſtinguiſh it from the lemma ieſelf. 
2. That it wants eaſe, and elegance, and uſe. 

In ſupport of the firſt remark I ſhall content 


myſelf with tranſcribing the very words of the 
lemma and it's corallary. | 


B 3 "LEMMA 
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Data equatione, invenire ſummam radicum, ſum- 


mam quadratorum ex ſingulis radicibus, ſummam cu- | 


borum, ſummam quadrato-quadratorum & denique 
ſummam n poteſtatum. 


„„ Liantv ih 


Ex hoe lemmate invenitur ſeries, que ſuumæ ra- 
dicum, ſummæ quadratorum ex ſingulis radicibus, 


equalis eſt. 


134 One might imagine perhaps, that the latter 

| problem was to be anſwered by a ſeries, the 

7 | other not. But this is not the difference. Our 
Author does nothing without a ſeries. 


| Juſt or not, can only be determined by the ap- 


the Writer would have replied to it properly, if 
he had taken two or three equations, and ſhewn 
us, that the computation. is neater and eaſier by 
this ſeries, than by the rule out of which it was 
formed, As he has not, I will try it in a ſingle 
inſtance; the firſt we meet with in his qwn 


book. po 7-4 ; 
—FOÞ-a3—18x+12=0j 


Lo 


Suppoſe 


4 cuborum, biquadratorum, ..,,.. n poteftatum 


Whether the other remark on this Corollary be 


plication of the rule to particular examples. And 


e 
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Suppoſe that we want to know, the aggregate 
f it's roots, their ſquares and cubes; and any 
ne acquainted with New!or's rule inſtantly ſees, 
Piithout writing a Figure, that the ſum ſought is 
8 +18 4-44 = o. But if-we follow this new 
ethod, in the ſearch of which almoſt all the be/f 
Matbematicians that have lived within the laſt 
entury, have been employed; then we proceed 
| 8-84 — 4088 


hus 8 . 


598; and again 28, ET = 


= 
7 
| 


adly waſt his ink and paper. 
On the ſecond Corollary theſe obſervations 
were made : 


I. That the anſwer- to the problem ſhould . 
have been confined to thoſe equations, of which 


every root is leſs than 1 and greater than — 1. 


B 4 | 2. That - 


/ 8.— = 84. But 584 — 598 + 84 = 70. 


his is the ſhorteſt problem, to which the ſeries | 
an be ſuppoſed to be applied. If we uſe it for 
ny high powers, the labour increaſes much 
aſter than by the other method. And though 
he Profeſſor engages to write down the anſwer as 

aft as he can write with any care and attention; 
it muſt nevertheleſs be owned, that he would 


—— R 
— 
— — 
— — 
” 


24 J 


2. That the rule here given contains this, | 


among innumerable other abſurdities, that 1 + 
4 +16 + 64 &c. in FOO N 


3. That the Writer was brought into this 


difficulty by not clearly n the doc- 
trine of {rages 6 ag 


To * firſt of thaſs racine: thi Pro- 
feflor anſwers, that what the obſerver ſays of the 


limits of this problem, is true; but that moſt rea- 


ders would have thought him a trifler, if he bad 9 
mentioned them. And that it is not once in 'a 
thouſand times that limitations of this nature are 
mentioned by the beſt writers. How good ſoever 8 


= = 


% 
1 
7 
6h 
#1 
in 


b 


* 


theſe reaſons may be, I muſt take the liberty to 
give a better. reaſon, why this trifle . was not 
mentioned; that it was not known to the Au- 
thor, when he anſwered the problem. This | 


may ſeem a bold affertion ; but the proof of it 


is extremely evident. No man ever attempt 1 q 
a thing, which at the ſame inſtant, he knew to 


mon with Mathematicians to propoſe problems, 


be impoſſible. No man ever undertook: to de- 
termine a queſtion, in which he clearly per- 
| ceived a contradiction. It is not indeed. uncom- 


that admit no anſwers but within certain limits; 


and to. 
which, 


8 ; can : 
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can lead us into no error. When we purſue the 
problem into ſome impoſſible caſe, the general 
anfwer to it becomes not falfe, but unintelligible. 
But in the propoſition before us, 'we have an an- 
ſwer, which extends beyond the poſlible limits 
of the problem; and becomes not unintelligible, 
but falſe. It is therefore as certain, as any rule 
of reaſoning whatever, both that the demon- 
ſtration here given, is no demonſtration ; and 
that the writer was ignorant of the limits, either 
of the queſtion, or of the anſwer. —The follow- 
Ing are very eaſy examples of equations, whoſe 
roots are not all between 1 and —1, and yet the 
ſum of their powers in igſinitum, is given by | 
the rule here delivered. & ſhall denote that - 


be xx —2x +2 =08=—= 


3 "Al 
WB ms 5 * + x10. 5== 


21 11 8 | 
4 4 
LE: I ; ALE 
3— — — — — 8 = —— 
BE: * + — X—3=0 - 


A rule of this kind cannot be of any uſe even 

2 that are poſſible. For either we 
know all the roots of the equation, to which we 

d 2#pp!y it or not. H we know them, and they 
| & | —_ 
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are within the limits aſſigned, the rule is uſeleſs. 
If not, it is worſe than uſeleſs; it leads us into 
error. For there is an infinitely greater nn 
of caſes, where it is falſe than true. 


Among all the wonderſul things contained in 
the reply, there is none more ſtriking, than what 
the Profeſſor ſays to my next remark ; that che 


equality of W 1＋4＋ 16 ＋ 64 + 256 
+ &c. to 7 15 is not found by bis rule; that 


there are ſome eps in the ſolution of the problem, 
which expreſs it; and that the obſerver read his 
book wich ſo little attention, that it is very plain 
he has miſtaken theſe ſteps in the inveſtigation of 
the rule for the rule itſelf. The Profeſſor forces 
me to depart a little from that reſpect, with 
which I am always inclined to treat him, when 
he makes it neceſſary in this diſpute on every 
occaſion to allege the very firſt principles of all 
reaſoning. It had been kinder in him to have 
recollected, without obliging me to remind him 
of it, that an error in the inveſtigation of a 
rule muſt be an error in the rule itſelf. It can 
never be otherwiſe, unleſs it be corrected by 
ſome oppoſite error; which in this inſtance has 


not — 
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But perhaps we ſhall not agree in theſe prin- 
ciples. Let us have recourſe to our Algebra. 
The examples in the laſt page were choſen on 
purpoſe to _ this caſe, I he roots of the firſt 


equation are — = and 43; the ſeries of the powers 
(of 


1271 
4 I I ET" W7eL.. 
of the former, — Te — "II ae 76 &c. — 


1, that of the latter i a 4 + hon 7 64 + 256, 
Sc. but both together, or 1 + 4 + 7 
＋ 256, Sc. by the rule before us are . to — 


. Now then let it be fairly ſaid, and without 


Gigwiſe, whether the obſerver miſtcck a ſtep in 
the inveſtigation for the rule itſelf, or the Writer 
did not at all apprehend what was. contained in 
his own on — The roots of the ſecond equa- 


tion are = = and 4, and the ſum of their 
powers in infinitum by the rule before us is 
5 5 een > Therefore as before 1 + 4 
16 + 64 + 256, &c. — — . Again, the 
4 


third equation has for i its roots BY * — and 


4. The ſum of the powers "of he two firſt 
roots is 1 ＋ But the ſum of all the 


3 
powers by the rule before us is 1. Therefore the 
ſum of. the powers of the two e or 1 + 4 


+16 + 64 + 256, &c. iy 1 Theſe ex- 


amples will ſurely be ſufficient to convince both 
the Profeſſor, and his affiſtant in the Reply, 
And I may reaſonably hope, that they will ne- 
ver again aſſert, either that tbe obſerver did not 
paderftang the rule, or that t did; that they 


2 * and the abſurdity is not confined to a 
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will not again pretend, that this ſeries is not 
formed by the rule before us, becauſe 1 is neither 


4, nor the ſquare of 4, nor any other power of 


4 or becauſe xo particular equation was ſuppoſed. 


Since the rule contains in it this aſſertion, that 


1 added to the ſum of the Powers « of 4 equals 


particular equation, but is found in any, which 


has one root equal to 4, and the reſt within the 
true limits of the problem. — The two remain- 
ing equations would ſnew us other abſurdities of 


the ſame Kind, as chat — 3 9 — 27 +8 


*. and that 2 ＋ 2 +4+8+ 


&c. = o. But this matter has been traced © far 
enough. 


Perhaps I emed too fir, when I vnder- 
took not only to point out the Writer's miſ- 
takes, but to ſhew alſo, in my third remark on 


this propoſigon, how he fell lind them. The 


dcctrine of infinites, I ſaid, had perplexed many 


a ſcholar, and ſometimes their teach too. 
The difficulties into which it had Brought us in 
this propoſition, were evident; and there were 


ether examples which appeared to be of the 


ſame kind. Thus when I found in a — 
arithmetical computation, (for ſuch is the 


ceeding corollary, and the example to it) 4 pot q 
inſtead of the fraction — = 


being 13 1 


doubted not but the Writer: had come to this 
con- 
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concluſion, by conceiving ſome of the common 
reaſoning, concerning ſuch infinite ſerieſes, as 
are formed from the diviſion of a quantity by a 
binomial; to be more general, than it really is. 
But though it appears, as I conjectured, that he 
has no objection to ſuch a proof, yet he will not 
admit it z becauſe he found out the ſame thing by 
one plain finite diviſion, or rather knew it to be 
true without ſeeking, It may not become me to 
diſpute againſt the Profeſſor's inſtinctive know- 
ledge 3 but for his proof by common diviſion, 
I cannot perſuade myſelf that he will abide by 
it. For notwithſtanding that it is the eaſieſt 


ſum, that can well be imagined, I muſt take the 


liberty to deſire him to explain to me an eaſier. 
The deſign of it is to ſhew, that 4 is equal to 
3. And no greater liberty is taken in this pro- 
ceſs, than his example has recommended to us. 
Let x 4 and let x =px - 3p + 3. Then 
4 being ſubſtituted for x, it appears that p== 1, 
or, ſince the Profeſſor likes the expreſſion better, 
becomes 1. Tranſpoſe px, and divide by 1 - p, 
and you have x = 3, that is, 4 2 3. Had x 


been put for any other number, the concluſion 


would have been exactly the ſame that it equals 
3. And any quantity may be proved equal to 
any other, if we may divide them, as the Pro- 
feſſor teaches us, by 1 — p, when p is one. 
But leſt the eaſe of this example ſhould diſguſt 
him, I will borrow another, which may perhaps: 
be more agreeable to his palate, In a book of 
Algebra, I meet with theſe two equations 
| ** — gbby — 2ÞxX — 1863. 1 3476 
and xxyy = 4bbxx | 4bbyy — 156%. .. 
| Divide 
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Divide the firſt by xx — 944 and you have y= 
26. Subſtitute 26 for y in the ſecond, and you 
have this contradiction 164+ = 1544, Are we 
then to conclude that the two equations are in- 
conſiſtent ? certainly they are not. But x be- 
ing equal to + 3b, the quantity xx — 9bb, by 
which we divided the firſt equation, 1s nothing, 
and the concluſion y = 24 erroneous. For tho” 
the rule may poſſibly not be found in the books 
of common Algebra, to which the Profeſſor 
ſo often refers me, yet it is an evident rule 
of common ſenſe, that if you multiply or di- 
vide, the quantities you would compare, by no- 
thing, however complex you make the expreſ- 
fion which repreſents that nothing, your rea- 
ſoning 'is totally confounded, your concluſion, 
if you will give it that name, may be any thing 
you pleaſe. When I wrote this obſervation, I 
was well aware, that the Profeſſor could defend 
his computation by his Algebra a little miſap- 
plied. The objection in this place, was not that 
he neglected ales, but that he followed them 
blindly. That he might not miſtake my mean- 
ing, I produced for him a plauſible proof of 
his afſertion, In this proof, which the Profeſ- 
ſor conſiders as mine, but which was deſigned 
entirely for his uſe, the quotients of the quan- 
tities divided by 1—1 (for he will not allow 
me to call it o,) are infinite, and the abſurdity 
is from many eyes ſomewhat the more con- 
cealed.” Perhaps he may now be inclined to 
accept my civility, and not ſo fond of ſhewing,- 
that he can prove the ſame thing by one plain finite 
, diviſion, 8 85 | 
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Sometimes indeed a ſubtraction may have 
the form of a diviſion. If from a compound 
quantity conſiſting of ſuch affirmative and nega- 
tive parts as are all together equal to o, you 
take another ſuch quantity twice, thrice, or u 
times, the remainder, if in appearance there be 
any, conſiſts alſo of affirmative and negative 
parts, and is all together equal to o. ' But the 
quotient of ſuch a diviſion, ſince the remainder 
is always o, may, with the ſame propriety, or 
the ſame impropriety be called 2, 3, », or any 
thing elle. 5 


The Profeſſor having occaſion in his 51ſt page 
(a paſſage we muſt conſider preſently) to divide 
one ſuch quantity by another, where the expreſ- 
ſion is general, puts it down as certain that the 
quotient = o. In a particular example, he 
makes it4 inſtead of o. The general determi- 
nation is evidently inconſiſtent with the parti- 
cular one. Each of the operations is a ſimple 
finite diviſion. It is not poſſible that both 
ſhould be right. Let us beg of the Profeſſor 
to inform us, on which of them we ate to de- 
pend; and rather to give us ſuch: reaſons, as 
will ſtand of themſelves, than to endeavour to 
ſupport them by great Authorities. 


With theſe he conſtantly abounds ;- but I have 
hitherto paſſed them without notice; becaule, as 
he does not always refer us to the particular paſ- 
ſages, it is not eaſy to conjecture, how he has 
miſtaken them; and becauſe it is foreign to my 

| purpoſe, 
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purpoſe, to enter into a diſpute concerning either 
the meaning, or the merits of other books. But 
in his Reply to this objection he has fully ſhewn 
why he charges bis error on Mr. Mac Laurin, 
Dr. Saunderſon, Mr. Demoivre and Mr. Nicholas 
Bernoulli; and as their own words will be ſuffi- 
cient, I ſhall call upon them to vindicate 'them- 
ſelves. - He begins with Mr. Mac Laurin, who 
ſays, that we are not to conclude, that the value of 
a frattion is equal to nothing, when the numerator 
and denominator of it vaniſh together. My. Mac 
Laurin expreſſes. himſelf accurately. If the nu- 
merator and denominator of a fraction are both 
variable and vaniſh together, the idea of its va- 
lue is not loſt, till they have vaniſhed. The laſt 
ratio of them, when they vamfh, is as much a 
quantity as any other ratio. And had the quo- 
tation extended only three lines farther, it would 


have been plain to every reader, that this ratio 


is the ſubject of Mr. Mac Laurin s obſervation. 
For he adds, In ſuch caſes of the value of N (the 


fraction) is found by conpulng > becauſe when 


P and Q. decreaſe, till they vaniſh, the ultimate 
ratio f Pto Lis that f 10 Q If P and 
vaniſh at the ſane time, . then N = F * == Pr. 
Saunderſor's' words are equally plain. Let us 
Arſt all ſuppoſe, ſays he, the quantities r and e 
to be finite, but to paſs in a finite time from ſame- 
thing through all degrees of magnitude into nothing, 
% as to vaniſh both together ; if then. upon this 

| 5 ſuppoſition 


*. 
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tion we can diſcover the ultimate ratio of r to 
1 * ſhall at the ſame time ſee the ultimate mag - 


Lide of the fraftion —, and ſo we ſhall bave all 


WJ 12: want. Mr. Bernoulli too, as he is cited by 
Mr. Demoivre, gives a like account of the matter. 
He finds what he calls he difference, we com- 
WJ monly the fluxion, of the numerator and the deno- 
nminator.— Every one of theſe Writers is careful 
to ſhew that he is ſpeaking only of the limit of 
the ratios of two variable quantities, ſuppoſed to 
ecreaſe in infinitum. And had the Profeſſor 
*Epplied their doctrine in a ſimilar manner, the 
bjection to his ſolution would have been only 
nis, that he introduces fluxions or ultimate ra- 
oos into a problem, which may be ſolved by the 
Faſieſt operations of arithmetic with a tenth part 
f the figures, and by moſt people, we may ſup- 


** 
1 


Poſe, in an hundredth part of the time. 


* 
mt 
- 
WW 
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The Profeſſor is ſo well ſatisfied with his an- 

wer to the laſt objection, that he gives himſelf 

Hut little trouble with ſome that follow it. My 
Mobſervations on the third lemma were, 


1. That it is very difficult to find the meaning 
Jof this problem. | 


2. That, when we have found it, the anſwer 
appears to be falſe in every poſſible cafe, unleſs 
we inſert exceptions not here mentioned. 


3. That no demonſtration of it is attempted. 
BEDS IM 
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To all which the Author replies. FI under- 
and him right, the exceptions which he wanted are 
mentioned in my lemma. However, he does not ſay | 
my lemma is falſe, or that I have miſapplied it. It 
is wonderful, if theſe exceptions. are mentioned, 
that he did not tranſcribe the two or three words, | 
which contain them. It is more wonderful, that 
the omiſſion of theſe exceptions, which alters in 
all caſes the quantity ſought, ſhould be ſuppoſed 
conſiſtent with the truth of the rule: as if, when 
one aſſerts, that AB; another, that Az=B—C; 1 
there was no oppoſition between them. — = 


on the firſt and ſecond problems I obſerved ;. | 


I. That, as the problems are propoſed, the 1 


ſecond is only part of the firſt ; as they are an- 


ſwered, the firſt is a particular caſe contained in 


the ſecond. 4 
2. That the anſwer to the ſecond is given by N 
a ſeries, of which every term conſiſts of other 
ſerieſes, ſquared, cubed, and then twiſted to- 


* 


gether. ; 


The reply to the firſt of theſe remarks is, that 
it proceeds upon an error of the preſs ; that the Au- 
thor had propoſed here but one problem, tbe /6- | 
lution of which was divided into two articles ; but 
that the Printer, omitting the figure 2 which 
marked it, made the ſecond article into a new pro- 
blem. Nothing is more likely than ſuch a little 
omiſſion, But let us not deny the honeſt _— | 
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his due praiſe ; for his care to make the following 
of the chapter conſiſtent with the change he 

had introduced, by altering the 2d problem to the 


ir 3d, the 3d to the 4th, the 4th to the 5th; and 
ed. for his addition of a whole line, as a title to the 
ds. ad problem; which, though utterly inconſiſtent 
vith the Author's plan, was very neceſſary, when 


he had determined to divide it into two problems. 
Alitile attention, I think, could not have diſco- 


2 vered, that ſuch a regular, continued change 
C; vas made by the Printer. But as the Profeſſor 


has given us his word, let us accept it, and ſay 
Ino more on this ſubject. | 


RB The truth of my next remark could not be 
Wenied. Whether it be a fault, or not, cannot 
be demonſtrated. It is merely a matter of taſte. 
\nd whenever there is not demonſtration againſt 
him, I will have the pleaſure of ſubmitting to the 
Profeſſor. 


= The ſolution of the third problem, J obſerved, 
o- right, when u is an even number; wrong, 
when it is odd. But the Profeſſor tells me, that 
and odd bave nothing to do in the caſe, 
and immediately fets himſelf to ſupport this aſ- 
ſertion by an example in which # is three. And 
2 then inſtead of changing the equation by the ſe- 
ties given in his book, he changes it by the rule, 
ch from which that ſeries ſnould have been formed; 
and puts to every quantity ＋ for — or — for +. 

dle Having corrected the fault in this inſtance, and 
intending his Reply for the benefit of ſuch readers 
only, as will not give themſelves the trouble of 
C 2 looking - 
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looking into the book ; he ſuppoſes, that they 


vill be puzzled to find the Obſerver's difficulty ; 


and aſſiſts them with a conjecture, not a very 


lucky one, that I wanted to have the equation 


brought into that form, which his ſeries required 
and I had blamed. But the change of the ſigns 
he ſpeaks of as no great matter. Be it as little, 


as he pleaſes. Yet he ſhould conſider that in 


many caſes it is the e matter, in which the 
ſolution of the problem conſiſts. Whenever the 
equation wants the ſecond term, (and the com- 
mon rules teach us to take away that term) the 
problem is anſwered by only changing one or 
more of the ſigns. | 


| Theſe were my remarks on his firſt chapter, L 


not general, as he frequently complains, but each 
pointing out a particular fault in a particular 
paſſage. Upon a review of them, no one ap- 

ars to have received a juſt anſwer. The chief 
deſign of them was to examine his abilities, as a 
reaſoner, But there were added three ſhort ob- 
ſervations on his. abilities, as a writer: that he 
wants art, wants perſpicuity, and wants attention. 
And though theſe obſervations were not confined | 
to particular paſſages, they were not left without | 
examples to ſupport them. Of the firſt defect I 
mentioned inſtances of various kinds, ſuch as, 
when any one ſhall read the book, will occur 
to him in almoſt every page.—-Of the ſecond I ! 
gave a remarkable ſpecimen ; the more remark- 
able, ſince the Author has not attempted to 
render it intelligible, though he has found a pen, 


that can expreſs his meaning. To ſhew his 1 
* 0 
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of attention, it was my buſineſs to produce ſome 
plain miſtakes in ſome eaſy proceſs. The more 
obvious the faults, and the more eaſy the cor- 
rection of them, the better would be the proof of 
my aſſertion, I choſe therefore a common al- 
gebraic diviſion, and aſſerted, that, beſides many 
errors in the ſteps, the quotient was wrong, and 
the remainder wrong in three out of four terms. 
And theſe operations appeared to me ſo plain, as 
to leave no room for any diſpute. But what 
propoſition can be ſo plain? He aſſerts, that 
his remainder agrees with mine in EVERY TERM. 
Let us place them together. The true re- 


mainder is | | 
9 x*12x*+2x+6, The remainder 


in his book 4 x*+- 5x46 — 3x* 3x* 
1 * 


FE 3 | 
He tells us, that we muſt read the quantities 
placed under each other, as if they were con- 
nected by a vinculum; and adds, that though this 
notation is not very common, it is not peculiar 10 
him, and is ſufficiently analogous to the common no- 
tation to be very intelligible to a reader of any at- 
tention and experience in theſe ſtudies. I much 
doubt, whether an example of this notation can 
be found in any book of ſuperior character to the 
Lady's Diary. But why does the Profeſſor ima- 
gine, that IL did not read it, as he does himſelf ? 
The truth is,, that, when I had gueſſed at his 
meaning, and put the quantities together, as he 
gives them, his remainder appeared to be —gx* 
— 4 x* + 8 x +6 agreeing with the _— 
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term T- 6. If we ſuppoſe the — in the 
| fit ie alſo to x in — then the 
quantities — ly reduced will be 9 x* 6 
— 6 +2 7777 6 and two of theſe five terms 
will be right. And if we allow another to be 
inſerted, and 3 uncommon notation to be 
uſed, —— 3 xx Fx inſtead of + 3##—#, 
than all the aifBcultes concerning this remainder 
are removed.— It may be ſaid perhaps that theſe. 
faults are eaſily corrected. Very true; and fo is 
the miſtake in the quotient; and ſo are /welve 
other ſmall miſtakes (not one blunder, the Pro- 
feffor aſſures us) in the Proceſs. And for that 
teaſon, they orded the fulleſt proof of the 
| matter, for which they were * the Wri- 
ter's want of attention. 


Among all theſe cenſures, 1 found, and was 
pleaſed with finding, ſome place for praiſe. But 
dhe Profeffor ee 3 it — not due to him. 
itutions, ſays he, the Obſerwer ofes t0 
15 — Whether they are new, or Re gy poke 
+ , myſelf ignorant. There are many pieces of . 
gebra, which I have never opened. All that 1 
pretend to in this ſcience is to be able to diſtin- 
guiſh good reaſoning from bad. And it ma 
perhaps be thought ſome confirmation of theſe 
pretenſions, if I diſtinguiſhed what our Author 
had borrowed from his own. 


CAMBRIDGE, 
Mar. 3. 1760. 


